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extension of the  arc shows the  total  range of misorien- 
tations in one grain. I f  the  spots are arranged in a regular 
manner  along the arc, as would be the  case for a poly- 
gonized grain, the  mean  angle between neighbouring 
particles inside the  grain can be determined.  I f / ?  is the  
angle between normals to the reflecting planes giving rise 
to two spots along the  arc, and T the  angle subtended by 
the  pair of spots at  the  centre of the  diffraction ring, it can 
be shown (Hirseh, 1950) tha t  sin ½/?=cos 0 sin ½7, where 
O = Bragg angle. 

Three examples of this technique may  be quoted:  
(1) In  a recent s tudy by  R. g. Davis of a//? brass (in 

course of publication) a specimen annealed for 11 days 
was found to have metallurgical grain sizes ~ 60/z for a, 
and  ~ 500# for the /?  grains. Careful etching showed tha t  
what  had  previously been regarded as large crystals of 
the /?-phase  actually possessed a substructure of smaller 
grains, of size about  60/~. The X-ray  me thod  outl ined 
above was used to determine the  mean  particle size of each 
phase. The presence of the  two phases was taken  into 
account in the  calculation of the  volume of each phase 
i l luminated. The mean  particle size of t h e / ?  const i tuent  
was found to be ~ 60/~, which is in agreement  wi th  the  
interpreta t ion proposed from microscopic evidence. The 
spots were clustered along short arcs; the  total  range of 
misorientations in one 'metal lurgical '  grain was found to 
be of the  order of 3 ° , while the  smallest angle between 
adjacent  mosaics was about  0.4 °. Thus the  X-ray me thod  
not  only showed very clearly the  existence of the  mosaic 
structure, but  also gave information on its nature  which 
could not  be obtained otherwise. By  the  same method,  
the  mean  particle size of the  a const i tuent  was found to be 
about  30/z, which is somewhat  smaller than  the  metallo- 
graphic size. The spots were randomly dis tr ibuted around 
the  ring and confirmed tha t  the a grains did not  show a 
mosaic structure. The low value of the  grain size deter- 
mined  by the  X-ray me thod  is probably due to the  
presence of twins in the  a grains. 

(2) The me thod  has also been applied to a fatigue 
specimen of a Ag-A1 alloy (supplied by Mr P. J .  Forsyth),  
in which slight markings,  of separation about  20tt, were 
apparent  in some of the  original grains ( ~ 0.1 ram.) after 
etching. X-ray back-reflexion photographs consisted of 
' s po t ty '  arcs, each one corresponding to one original 
grain. From the me thod  of counting spots the  mean  

particle size was found to be N 10/~, so t ha t  in this case, 
also, the  etch-markings denoted  boundaries between 
particles.* The total  range of misorientat ions in one 
original grain was about  10 °, while some of the  neigh- 
bouring mosaics were inclined to each other  by only a few 
minutes  of arc. 

(3) In  a s tudy of the  brit t le fracture (at - 180 ° C.) of 
t empered  martensitc,  A. R. Entwisle found some micro- 
scopic evidence tha t  the  a-iron grains were preferentially 
or ientated over areas of N 50/z diameter.  X-ray back- 
reflexion photographs consisted mainly  of a number  of 
continuous arcs, but  weaker blackening occurred at  other 
parts of the  rings. To obtain the  mean  volume of material  
contr ibut ing to one arc, the  numbers of arcs on the  rings 
were counted;  whereas in the  previous examples the  
angular range of reflexion (A) of each particle (see Kellar 
et al. 1950) could be neglected compared with the  diver- 
gence of the  beam, in this case A was large and  was deter- 
mined  from the mean  lengths of the  arcs along the  ring. 
The mean  diameter  of the  volume of material  contr ibuting 
to one arc was found to be ~ 60/~, in agreement  with 
the  value obtained from microscopic observations. The 
total  range of misorientat ions in this volume was ~ 3 °. 
I t  is of interest  to note that ,  since the  size of the  original 
austcnite grains was ~ 100/~, on the average the  marten-  
site t ransformation took place in eight crystallographically 
dist inct  ways (out of a possible 24 ways) in each grain. 

The authors believe tha t  this me thod  can be applied to 
many  problems, particularly in the  metallurgical field, in 
which s tandard  metallurgical methods  may  fail to give 
conclusive results. 

We would like to t h a n k  Dr Hume-Rothery ,  F.R.S., 
Mr R. g. Davis, Dr  G. B. Greenough, Mr P. J.  Forsyth 
and  Mr A. R. Entwisle for providing the  specimens. 
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* The experimental accuracy is such that, in this case, the 
difference between two estimates of particle size is probably 
not significant. 
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The me thod  of steepest descents for refinement of co- 
ordinates of a crystal structure, as suggested by  Booth 
(1947), minimizes a residual function R, which can be 
formed in several different ways. I t  is to be expected tha t  
the convergence of the method  will be fastest ff R is 
formed according to the principle of least squares, in 
which case R has the form 

R= Z W(I Fo ] - ] Fc l) 2, (1) 
hkl 
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where Fo(hk/) is the observed and Fc(hkl ) the calculated 
structure factor, W(hkl) is a suitably chosen weighting 
factor and the sum is taken over the Miller indices (hkl). 

For simplicity, only centrosymmetrical  structures will 
be considered. I f  the same sign is assigned to Fo as to F¢, 
we have 

R-'ZW(Fo--Fc}% ( la)  

I t  has been shown by Booth (1948} tha t  if the weighting 
function W = 1If is chosen, wheref(hkl} is the mean atomic 
scattering factor for the (hkl} plane, the application of the 
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steepest-descents method to R is equivalent  to a method 
based on a Fourier  difference synthesis.  

D =  "~ (Fo-Fc) cos 27r(hx+ky+lz). (2) 
hkl 

In  this  series, x, y, z are the  fractional co-ordinates, t aken  
over one uni t  cell. 

The method  consists of drawing a map of the function D 
and  marking the atomic positions x~, y~, z~ (i-- 1, 2 . . . . .  N). 
The atomic shifts Axe, Aye, Az~, which would improve the 
s t ructure according to the method of steepest descents, 
can be obtained by  moving the atomic positions in the 
directions of the  steepest ascent of D and by  making the 
movements  proport ional  to the gradient  of D a t  the 
points  x~, y~, z~. Good use of this  method in practical  
applicat ion has  been made by  Cochran (private communi.  
cation). 

As Booth  (1949) has a l ready pointed out, considerable 
simplifications in the steepest-descents calculations can 
be achieved if  one takes 

R -  ZIFo-2,cl. (3) 
hkl 

This funct ion can be obtained from (1 a) by  tak ing  for the 
weight  1 

W -  
12,o-2,0 I" 

This form of weighting is not  quite correct, as i t  gives too 
lit t le weight  to large discrepancies between the observed 
and  calculated values. However,  the function (3) is often 
used as a basis for the calculation of the figure of merit .  

As the use of the difference synthesis  is very  convenient,  
i t  is of interest  to invest igate whether  an  analogous 
simpler function exists, which would be based on (3). 
For  this  purpose we can write R in the following form: 

R=z(a  1 2,o I-fl2,c)=z~ I Fo l -  Zfl2,0, (4) 
where the coefficients a(h/d) and/~(Md) have the values 

a = + l  for IFol<lFol, a = - I  for t2 ,o1>12,o l ,  

/ ~ = + 1  for [ F o l > 2 , c > 0  and  2,o<-12,ol, 
f l = - - I  for 0 > 2 , o > - 1 2 , o l  and F c > l F o [ ,  

i.e. fl = + I for (2'o-- 2,c) > 0, 

f l = - I  for (Fo-2,c)<O. 

Limit ing ourselves to a centrosymmetrical  structure,  we 
can substi tut~ for 2,° in (4): 

N 
2,° = 2 ~ A  cos 27r(hxi + Icy~ + lzJ, (5) 

i 
where N is the number  of a toms per half  uni t  cell. We 
obtain 

R =  Z a  I 2,0 [ -  2 Z / ? Z A  cos 2n(hx,+ ky,+lz,). 
hkZ hkl i 

On reversing the order of summation,  we can write 

R=Ro-~_aR,,  (6) 
i 

where Re= Za I Fo I, 
hkl 

R~ = 2 ~ flf ~ cos 27t(hxi + ky~ + lzi). (7) 
hkl 

We have achieved separation of R into R 0 , which depends 
on 2,0 only, and into N functions Ri ,  each of which 
depends on the co-ordinates of the i th  a tom only. In  
addition, Ri have the form e t a  Four iersynthes is  analogous 
to the difference synthesis  (2), i.e. ff we replace in (7) the 
discrete co-ordinates xi,  yi ,  zi, b y  continuous x, y, z, a 
single function is obtained, defined over the whole uni t  
cell, which has the values Rt a t  the atomic positions. The 
synthesis  (7) differs from (2) in t h a t  its coefficients have  
absolute values independent  of 2,0 and F c; only their  signs 
depend on the inequalities for /?  and are incidental ly the  
same as in (2). I t  should be noted, however, t ha t  a l though 
R is a continuous function of the atomic co-ordinates 
x~, Yi, zi, the functions R 0 and R~ are discontinuous, the  
discontinuities occurring every t ime the coefficient /? 
changes sign. One can visualize this  b y  imagining R as 
a function of the co-ordinates x~, yi ,  zi, in 3N-dimensional  
space, which is subdivided into a number  of small cells, 
the boundaries of which are given b y  the changes of sign 
of/?. Wi th in  each of the cells, R0 and Rt are continuous 
functions of the co-ordinates. The number  of such cells 
depends on the number  of F terms included in the sum- 
mations.  

As formula (7) is based on incorrect weighting, i t  is 
to be expected t h a t  the  above method would converge 
more slowly than  a method based on (2), and therefore 
more steps would be required to a t t a in  a given degree of 
accuracy. However,  the  use of the series (7) m a y  in some 
cases have the advantage  t h a t  its coefficients are fixed 
quantities,  and only their  signs change during calculation. 
The series (7) might  lend itself therefore bet ter  to calcu- 
lations on automatic  machines, analogue or digital, as i t  is 
easier in a calculation to change the sign of a t e rm than  
its value. The inequalities for a and /? lend themselves 
also admirably  for automat ic  evaluation on both  digital 
and analogue machines. One can therefore conclude t h a t  
the calculations based on formula (3) might  be more 
suitable for a fully or pa r t ly  automatic  cycle, especially 
where the simplici ty of set t ing or programming is of 
more importance than  the speed of convergence per cycle. 
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N o t e s  a n d  N e w s  
Announcements and other items of vrystaUographi¢ interest will be published under this heading at the discretion of the 

Editorial Board. Copy should be sent direct to the British Co-editor (R. C. Evans, Crystallographic Laboratory, 
Cavendish Laboratory, Cambridge, England). 

X-ray Identification and Crystal Structures of 
Clay  Minera l s  

The Mineralogical Society of Great Br i ta in  announces the 
publicat ion of a new and original monograph of 345 pages. 
The preparat ion of this book results from the efforts and 

discussions of the Clay Minerals Group which was formed 
in 1947 for the express purpose of furthering the s tudy  of 
clay minerals. 

The book provides an author i ta t ive  account  of the 
X-ray  identification and crystal  structures of clays and  


